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On a Lichnerowicz type cohomology attached to a function
Cristian Ida
Abstract
In this paper we define a new cohomology of a smooth manifold called Lichnerowicz
type cohomology attached to a function. Firstly, we study some basic properties of this
cohomology as: a de Rham type isomorphism, dependence on the function, singular forms,
relative cohomology, Mayer-Vietoris sequence, homotopy invariance and next, a regular case is
considered. The notions are introduced using techniques from the study of two cohomologies of
a smooth manifold: the Lichnerowicz cohomology and the cohomology attached to a function.
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1 Introduction
Let us consider a n-dimensional smooth manifold M and θ a closed 1-form on M . Denote by
Ωr(M) the set of all r-differential forms on M and consider the twisted operator dθ : Ω
r(M) →
Ωr+1(M) defined by dθ = d− θ∧, where d is the usual exterior derivative. Since dθ = 0, we easily
obtain d2θ = 0. The differential complex (Ω
•(M), dθ) is called the Lichnerowicz complex of M ;
its cohomology groups H•θ (M) are called the Lichnerowicz cohomology groups of M . This is the
classical Lichnerowicz cohomology, motivated by Lichnerowicz’s work [14] or Lichnerowicz-Jacobi
cohomology on Jacobi and locally conformal symplectic geometry manifolds, see [1, 13]. It is also
known in literature as Morse-Novikov cohomology and plays an important role when studying the
geometry, topology andMorse theory of the underlying manifoldM , see for instance [19, 20, 21, 22].
We also notice that Vaisman [26], studied it under the name of ”adapted cohomology” in the
context of locally conformally Ka¨hler manifolds. Locally, the Lichnerowicz cohomology complex
becames the de Rham complex after a change ϕ 7→ e−fϕ with f a smooth function which satisfies
df = θ, that is dθ is the unique differential in Ω
•(M) which makes the multiplication by the
smooth function e−f an isomorphism of cochain complexes e−f : (Ω•(M), dθ) → (Ω
•(M), d). In
the case when θ is exact, there is a related differential δt,f = d + tdf∧ (t ∈ R and f is a Morse
function on M) introduced in [30] by Witten in order to obtain an analytic proof of the Morse
inequalities. Also, the cohomology of the deformed Witten differential is very useful in the study
of the topology of the fiber f−1(c), see [6, 7].
Other important applications of the Lichnerowicz cohomology appear when studying locally
(globally) conformal structures: (co)symplectic, (co)Ka¨hler, Jacobi, Dirac etc., and in many cases
it is an invariant at conformal changes. For more about this cohomology see for instance [1, 9,
13, 26, 29]. Also, such a cohomology can be generalized in the context of Jacobi algebroid, that
is a pair (A, θ) where A = (A, [·, ·]A, ρA) is a Lie algebroid over a manifold M and θ ∈ Γ(A
∗)
is a 1-cocycle, i.e dAθ = 0, see [3, 11]. Then the twisted cohomological operator is given by
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dA,θ = dA − θ∧, and the Lichnerowicz cohomology of (M, θ) is just the Jacobi Lie algebroid
cohomology of usual Lie algebroid (TM, [·, ·], Id) with the 1-cocycle θ.
On the other hand, in [16], Monnier gave the definition and basic properties of a new co-
homology of a manifold, called cohomology attached to a function. The definition is the follow-
ing: If f is a smooth function on a smooth manifold M , then we can define the linear operator
df : Ω
r(M)→ Ωr+1(M) by
dfϕ = fdϕ− rdf ∧ ϕ , ∀ϕ ∈ Ω
r(M).
It is easy to see that d2f = 0, and so, we have a differential complex (Ω
•(M), df ) which is called the
differential complex attached to the function f of M ; its cohomology groups H•f (M) are called the
cohomology groups attached to the function f of M . This cohomology was considered for the first
time in [15] in the context of Poisson geometry, and more generally, Nambu-Poisson geometry.
The main difference between the operators df and dθ is given by the fact that df is an an-
tiderivation, i.e.
df (ϕ ∧ ψ) = dfϕ ∧ ψ + (−1)
degϕϕ ∧ dfψ, ∀ϕ, ψ ∈ Ω
•(M), (1.1)
while dθ is not an antiderivation, and it satisfies
dθ(ϕ ∧ ψ) = dϕ ∧ ψ + (−1)
degϕϕ ∧ dθψ, ∀ϕ, ψ ∈ Ω
•(M). (1.2)
Moreover, according with [16], the df–cohomology is just the Lie algebroid cohomology associated
with a certain Lie algebroid structure ([·, ·]f , ρf) on TM , where the anchor is defined by ρf (X) =
fX and the Lie bracket is defined by [X,Y ]f = (1/f)[fX, fY ]. Thus, df -cohomology is a Lie
algebroid cohomology, while dθ-cohomology is a Jacobi algebroid cohomology.
In this paper we introduce a generalization of the usual Lichnerowicz cohomology starting from
the cohomology attached to a function. We observe that if θ is a closed one form on an arbitrary
smooth manifold M and f ∈ C∞(M) then df (fθ) = 0, that is (TM, fθ) is a Jacobi algebroid
where (TM, [·, ·]f , ρf ) is the above Lie algebroid. Then, it is natural to consider the cohomological
differential operator df,θ : Ω
r(M)→ Ωr+1(M) defined by
df,θϕ = dfϕ− fθ ∧ ϕ , ϕ ∈ Ω
r(M), (1.3)
which satisfies df,θ ◦ df,θ = 0. Thus, we obtain the differential complex (Ω
•(M), df,θ) which is
called the Lichnerowicz type complex attached to the function f of M and its cohomology groups
H•f,θ(M) are called the Lichnerowicz type cohomology groups attached to the function f ofM . This
is just the Jacobi algebroid cohomology of (TM, fθ) with the Lie algebroid structure ([·, ·]f , ρf )
and, using some arguments as in the study of df -cohomology, the main goal of this paper is to
study the main properties of this new cohomology of a smooth manifold.
The paper is organized as follows: In the second section we make some remarks about our
cohomology when the one form θ is exact and we relate it with globally conformal cosymplec-
tic manifolds and with Lichnerowicz-Poisson cohomology twisted by a Hamiltonian vector field
on oriented 2-dimensional Poisson manifolds. In the third section we study some basic proper-
ties of the Lichnerowicz type cohomology attached to a function. The notions are introduced
by combining results from the study of Lichnerowicz cohomology and from cohomology attached
to a function, and we show that many properties of the de Lichnerowicz cohomology and the
cohomology attached to a function still have their analogues within the our Lichnerowicz type
cohomology attached to a function. We notice that certain properties concerning to our coho-
mology are closely related to Lichnerowicz cohomology, while anothers one are closely related
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to cohomology attached to a function. Firstly, we prove a de Rham type isomorphism theorem
for our cohomology (Theorem 3.2), we prove that this cohomology is isomorphic to Lichnerowicz
cohomology of singular forms (Proposition 3.1), we discuss how the cohomology varies when the
function f changes (Proposition 3.2) and how it depends on the class of θ (Proposition 3.3). In
particular, we show that if the function f does not vanish, then the Lichnerowicz type cohomology
attached to a function is isomorphic to Lichnerowicz cohomology (Corollary 3.1). Next we study
a relative cohomology associated to our cohomology and we will show that it is possible to write
a Mayer-Vietoris exact sequence (Theorem 3.3). We also give an appropriate notion of homotopy,
but it is an open question whether the cohomology is homotopy invariant in general. In the four
section we consider the regular case, i.e., the case where the function f does not have singularities
in a neighborhood of S = f−1({0}). In a similar manner with the study from [16] concerning to
cohomology attached to a function, we can relate our cohomology with the Lichnerowicz coho-
mology ofM and of S (Theorem 4.1). Also, in this regular case, we obtain a homotopy invariance
(Proposition 4.1) and (Proposition 4.2).
2 Some remarks when θ is exact
In this section we make some remarks about our Lichnerowicz cohomology attached to a function
in the case when the 1-form θ is exact.
Remark 2.1. Firstly, we remark that the cohomological operators dθ and df can be canonically
associated to a globally conformal almost cosymplectic manifold as follows. According to [18,
27] the locally conformal almost cosymplectic manifolds are defined to be almost contact metric
manifolds whose almost contact and fundamental forms η and Φ are related by
dη = ω ∧ η and dΦ = 2ω ∧ Φ (2.1)
for some closed 1-form ω. Moreover, if ω is exact then their are called globally conformal almost
cosymplectic manifolds, see [4]. From (2.1) it follows that dωη = 0 and d2ωΦ = 0. Also, using (1.2)
we have d2rωΦ
r = 0 and d(2r+1)ω(η ∧Φ
r) = 0, r = 0, . . . ,m, dimM = 2m+ 1, that is, a (locally)
globally conformal almost cosymplectic manifold M has the following cohomological invariants
in the Lichnerowicz cohomology: [Φr] ∈ H2r2rω(M) and [η ∧ Φ
r] ∈ H2r+1(2r+1)ω(M), r = 0, . . . ,m.
Now, if M is a globally conformal almost cosymplectic manifold with exact 1-form ω given by
ω = d(log f) for some positive function f ∈ C∞(M), the first condition of (2.1) is equivalent with
dfη = 0 and the second condition of (2.1) is equivalent with dfΦ = 0. Also, using (1.1) we have
dfΦ
r = 0 and df (η ∧ Φ
r) = 0, r = 0, . . . ,m. Thus, a globally conformal almost cosymplectic
manifold M has another cohomological invariants in the cohomology attached to the function f ,
namely [Φr] ∈ H2rf (M) and [η ∧ Φ
r] ∈ H2r+1f (M), r = 0, . . . ,m.
As η is df -closed it is a 1-cocycle for the Lie algebroid (TM, [·, ·]f , ρf ) and this leads to a
Jacobi algebroid cohomology of a globally conformal almost cosymplectic manifold H•f,η(M) with
the cohomological operator df,η = df − η∧.
Now, using df (η ∧ Φ
r) = 0 we get df,η(η ∧ Φ
r) = 0. Then, for every r = 0, . . . ,m we have
another cohomology class [η∧Φr] inH2r+1f,η (M). Moreover, it is easy to see that η∧Φ
r = df,η(−Φ
r),
which implies that this cohomology class vanishes.
Also, let us consider (η˜ = αη, Φ˜ = α2Φ) (α is a positive smooth function on M) another
globally conformal cosymplectic structure on M with exact Lee form ω˜ = d log f˜ , where f˜ =
αf . The structures (η,Φ) and (η˜, Φ˜) are usually called conformally equivalent globally conformal
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cosymplectic structures on M . Then, a direct computation leads to
d
f˜ ,η˜
ϕ = αr+1df,η
( ϕ
αr
)
, ϕ ∈ Ωr(M),
or equivalently, H•f,η(M)
∼= H•
f˜ ,η˜
(M). Hence, H•f,η(M) is an invariant of the class of conformally
equivalent globally conformal cosymplectic structures on M .
Remark 2.2. Let (M,Π) be a n-dimensional Poisson manifold, that is Π ∈ V2(M) satisfies
[Π,Π]SN = 0, where [·, ·]SN : V
k(M) × V l(M) → Vk+l−1(M) denotes the Schouten-Nijenhuis
bracket on multi-vectors fields, see for instance [28]. There is a remarkable cohomology as-
sociated with a Poisson manifold (M,Π), called the Lichnerowicz-Poisson cohomology denoted
by H•LP (M,Π) and realized as the homology of the differential complex (V
•(M), dΠ), where
dΠ : V
k(M) → Vk+1(M), dΠ(X) = [X,Π]SN . Note that dΠ(α) = Xα, where Xα is the Hamilto-
nian vector field of α ∈ C∞(M). In the case when the Poisson manifold (M,Π) is 2-dimensional
and oriented, Monnier proves in [15, 16] that the LP cohomology is isomorphic with the coho-
mology attached to a function as follows: Consider ν ∈ Ω2(M) be a fixed volume form of (M,Π)
and the smooth function f := ıΠν. Then there exist the maps φ
p : Vp(M) → Ωp(M), p = 0, 1, 2
defined by
φ0 : C∞(M)→ C∞(M) , φ0(α) = α , ∀α ∈ C∞(M) = V0(M), (2.2)
φ1 : V1(M)→ Ω1(M) , φ1(X) = −ıXν , ∀X ∈ V
1(M), (2.3)
φ2 : V2(M)→ Ω2(M) , φ2(Y ) = (ıY ν)ν , ∀Y ∈ V
2(M) (2.4)
which yields an isomorphism of differential complexes φp : (Vp(M), dΠ)→ (Ω
p(M), df ), p = 0, 1, 2,
that is
df (φ
0(α)) = φ1(dΠ(α)) and df (φ
1(X)) = φ2(dΠ(X)) , ∀α ∈ C
∞(M) , ∀X ∈ V1(M), (2.5)
and consequently, an isomorphism between H•LP (M,Π) and H
•
f (M,Π).
In order to relate our Lichnerowicz cohomology attached to a function with a 2-dimensional
Poisson manifold, we will consider the Lichnerowicz-Poisson cohomology of (M,Π) twisted by the
Hamiltonian vector fieldXα of a smooth function α ∈ C
∞(M), i.e. the homology of the differential
complex (V•(M), dΠ,α), where
dΠ,α(X) = dΠ(X)−Xα ∧X , X ∈ V
p(M), p = 0, 1, 2. (2.6)
Note that a such twisted cohomology can be defined in a more general setting replacing the
Hamiltonian vector field Xα by a Poisson vector field Z ∈ V
1(M), i.e. dΠ(Z) = 0, see [5]. Let us
denote by H•LP,α(M,Π) the twisted LP cohomology by the Hamiltonian vector field Xα. Then we
have
Proposition 2.1. Let (M,Π) be an oriented 2-dimensional Poisson manifold and α ∈ C∞(M).
Then the cohomologies H•LP,α(M,Π) and H
•
f,θ(M,Π) are isomorphic, where θ = dα.
Proof. For g ∈ C∞(M) and θ = dα we have
df,θ(φ
0(g)) = φ1(dΠ,α(g)). (2.7)
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Indeed
df,θg = dfg − fgdα = dfg − gdfα
= φ1(dΠ(g))− gφ
1(dΠ(α)) = φ
1(dΠ(g)− gXα)
= φ1(dΠ,α(g)),
where we have used the first relation from (2.5) and dΠ(α) = Xα.
Now, starting from dα ∧ ν = 0, for X ∈ V1(M) we have ıX(dα ∧ ν) = 0 which is equivalent
with (ıXdα)ν = dα ∧ ıXν. Multiplying with f we obtain
fdα ∧ ıXν = f(ıXdα)ν. (2.8)
But, f(ıXdα) = ıX(fdα) = ıXφ
1(Xα) = −ıX ıXαν = −ıXα∧Xν, hence the relation (2.8) becomes
fdα ∧ ıXν = −(ıXα∧Xν)ν
which is equivalent with
− fdα ∧ φ1(X) = −φ2(Xα ∧X). (2.9)
Using the second relation of (2.5) we get
df (φ
1(X))− fdα ∧ φ1(X) = φ2(dΠ(X))− φ
2(Xα ∧X)
or
df,θ(φ
1(X)) = φ2(dΠ,α(X)). (2.10)
Thus, the isomorphism follows by (2.7) and (2.10).
Remark 2.3. Another remark which relate our cohomological operator with some computations
in [15, 16] is the following: Monnier also introduce another cohomological operator attached to a
function defined by df,p : Ω
r(M)→ Ωr+1(M), where
df,pϕ = fdϕ− (r − p)df ∧ ϕ , p ∈ Z , ϕ ∈ Ω
r(M),
and the cohomology of the differential complex (Ω•(M), df,p) is denoted by H
•
f,p(M). As well as it
is noted in Remark 2.3 from [16], these cohomologies does not come from a Lie algebroid, but will
we see that the cohomology H•f,p(M) come from the Jacobi algebroid cohomology (TM, [·, ·]f , ρf )
with the 1-cocycle fθ, where θ = −d(log fp) (f is a positive smooth function on M). Indeed,
using (1.3), it is easy to see that in this case we have df,θ = df,p, hence H
•
f,θ(M)
∼= H•f,p(M) and
some computations of these cohomologies can be found in [15, 16].
3 Basic properties of the Lichnerowicz type cohomology at-
tached to a function
In this section we study several properties of this new cohomology in relation with some classical
properties of Lichnerowicz cohomology and of cohomology attached to a function.
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3.1 A de Rham type theorem
The spaces H•f,θ(M) can be also obtained as the cohomology spaces of M with coefficients in
a sheaf, that is the sheaf Φθ(M) of germs of smooth functions α on M which are such that
df,θα = fdθα = 0 (or dθα = 0). More exactly, using the Poincare´ type Lemma for the Lichnerowicz
operator dθ (see [26]), we obtain a Poincare´ type Lemma for the Lichnerowicz type cohomology
attached to a function and, consequently, a de Rham type theorem for this cohomology.
Theorem 3.1. Let f be a nonvanishing smooth function on M and θ a closed one form on M .
If ϕ is a df,θ-closed r-form defined on a neighborhood U on M and r ≥ 1, then there exists a
(r − 1)-form ψ defined on some neighborhood U
′
⊂ U and such that df,θψ = ϕ on U
′
.
Proof. It is easy to see that for a nonvanishing smooth function f on M and ϕ ∈ Ωr(M) we have
df,θϕ = f
r+1dθ
(
ϕ
f r
)
. (3.1)
Then, if ϕ ∈ Ωr(U) is df,θ-closed we obtain that ϕ/f
r is dθ-closed, and applying the Poincare´
Lemma for the Lichnerowicz operator dθ (see Proposition 3.1 from [26]) it follows that there is
ψ′ ∈ Ωr−1(U ′), U ′ ⊂ U such that ϕ/f r = dθψ
′. Now, if we take ψ = f rψ′ and we use (3.1) we get
ϕ = df,θψ on U
′.
Let Φr(M) the sheaf of germs of r-forms onM , Φθ(M) the sheaf of germs of smooth functions
α onM which are such that df,θα = fdθα = 0 and i : Φθ(M)→ Φ
0(M) the natural inclusion. The
sheafs Φr(M) are fine and taking into account Theorem 3.1 it results that the following sequence
of sheafs
0 −→ Φθ(M)
i
−→ Φ0(M)
df,θ
−→ Φ1(M)
df,θ
−→ . . .
df,θ
−→ Φr(M)
df,θ
−→ . . .
is a fine resolution of Φθ(M) and we denote by H
r(M,Φθ(M)) the cohomology groups of M with
coefficients in the sheaf Φθ(M). Thus, we obtain a de Rham theorem for the Lichnerowicz type
cohomology attached to a function, that is
Theorem 3.2. The Lichnerowicz type cohomology groups attached to a function of M are given
by
Hrf,θ(M)
∼= Hr(M,Φθ(M)). (3.2)
Remark 3.1. Using the classical Poincare´ Lemma for the de Rham operator d and a similar
argument as above we can also obtain that the cohomology attached to a function H•f (M) satisfies
a de Rham isomorphism, that is H•f (M)
∼= H•(M ;R).
3.2 Singular r-forms
Let S = f−1({0}). According to [16] a form ϕ ∈ Ωr(M \ S) is called a singular r-form if f rϕ can
be extended to a smooth r-form on wholeM . We denote the space of singular r-forms by Ωrf (M).
If ϕ ∈ Ωrf (M) is a singular r-form then dϕ is a singular (r + 1)-form, see [16]. Then dθϕ =
dϕ− θ ∧ ϕ is a singular r + 1-form. In fact we have
f r+1dθϕ = dθ(f
r+1ϕ)− (r + 1)df ∧ f rϕ,
so f r+1dθϕ also extend to a smooth form onM . Therfore we obtain a chain complex (Ω
•
f (M), dθ)
called the Lichnerowicz complex of singular forms. Similar to Proposition 2.4 from [16] we have
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Proposition 3.1. The cohomology of (Ω•f (M), dθ) is isomorphic to H
•
f,θ(M).
Proof. Define a map of chain complexes χ : (Ω•f (M), dθ)→ (Ω
•(M), df,θ) by setting
χr : Ωrf (M)→ Ω
r(M) , χr(ϕ) = f rϕ.
Then, using (3.1), we obtain
df,θ(χ
r(ϕ)) = χr+1(dθϕ), (3.3)
hence χ induces an isomorphism between corresponding cohomologies.
3.3 Dependence on the function f
As in the case of the cohomologyH•f (M), a natural question to ask about the cohomologyH
•
f,θ(M)
is how it depends on the function f . Similar with the Proposition 3.2. from [16], we explain this
fact for our cohomology. In fact we have
Proposition 3.2. If h ∈ C∞(M) does not vanish, then cohomologies H•f,θ(M) and H
•
fh,θ(M) are
isomorphic.
Proof. For each r ∈ N, consider the linear isomorphism
Φr : Ωr(M)→ Ωr(M) , Φr(ϕ) =
ϕ
hr
. (3.4)
If ϕ ∈ Ωr(M), one checks easily that
Φr+1(dfh,θϕ) = df,θ(Φ
r(ϕ)). (3.5)
Indeed, we have
Φr+1(dfh,θϕ) = Φ
r+1(dfhϕ− fhθ ∧ ϕ)
= Φr+1(dfhϕ) − Φ
r+1(fhθ ∧ ϕ)
= df (Φ
r(ϕ))− fθ ∧Φr(ϕ)
= df,θ(Φ
r(ϕ)),
where we have used the relation Φr+1(dfhϕ) = df (Φ
r(ϕ)) from [16].
Thus Φ induces an isomorphism between cohomologies H•f,θ(M) and H
•
fh,θ(M).
Corollary 3.1. If the function f does not vanish, then H•f,θ(M) is isomorphic to the Lichnerowicz
cohomology H•θ (M).
Proof. We take h = 1
f
in the above proposition.
We also have
Corollary 3.2. If f and g are smooth functions on M such that S = f−1(0) = g−1(0) and f = g
on some neighborhood of S, then H•f,θ(M)
∼= H•g,θ(M).
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3.4 Dependence on the class of θ
Another natural question to ask about the cohomology H•f,θ(M) is if it depends on the class of θ
as in the case of Lichnerowicz cohomology H•θ (M). We have
Proposition 3.3. The Lichnerowicz type cohomology attached to a function f depends only on
the class of θ. In fact, we have the isomorphism
H•f,θ−dσ(M)
∼= H•f,θ(M).
Proof. By direct calculus we easily obtain df,θ(e
σϕ) = eσdf,θ−dσϕ, where σ is a smooth function
and thus the map [ϕ] 7→ [eσϕ] establishes an isomorphism between cohomologies H•f,θ−dσ(M) and
H•f,θ(M).
Remark 3.2. The above result says that locally, the Lichnerowicz type cohomology attached to
a function f is isomorphic with the cohomology attached to a function after a change ϕ 7→ e−σϕ
with σ a smooth function which satisfies dσ = θ, that is df,θ is the unique differential in Ω
•(M)
which makes the multiplication by the smooth function e−σ an isomorphism of cochain complexes
e−σ : (Ω•(M), df,θ)→ (Ω
•(M), df ). Consequently, we have H
•
f,θ(M)
∼= H•f (M).
Example 3.1. Let (M,ω, θ) be a locally conformal symplectic manifold, that is θ ∈ Ω1(M) is
d-closed and ω ∈ Ω2(M) is dθ-closed, i.e. dθω = dω − θ ∧ ω = 0. Therefore, such a manifold
admits two cohomological invariants: [θ] ∈ H1dR(M) and [ω] ∈ H
2
θ (M). On the other hand,
for f ∈ C∞(M), we have df (fθ) = 0 and df,θ(f
2ω) = 0, which says that a locally conformal
symplectic manifold (M,ω, θ) admits another two cohomological invariants
[fθ] ∈ H1f (M) and [f
2ω] ∈ H2f,θ(M). (3.6)
Moreover, if we consider a conformal equivalent locally conformal symplectic structure on M
defined by θ′ = θ − df2/f2 and ω′ = (1/f2)ω, then we have 0 = df,θ′(f
2ω′) = df,θ′ω. Thus, we
have
[ω] ∈ H2f,θ′(M)
∼= H2f,θ(M)
∼= H2θ (M),
where the first isomorphism is given by Proposition 3.3 and the second one follows by Corollary
3.1.
3.5 Relative cohomology
The relative de Rham cohomology with respect to a smooth map between two manifolds was
first defined in [2] p. 78. Also, a relative vertical cohomology of foliated manifolds can be found
for instance in [23]. In [16] is given a relative cohomology for H•f (M) and in [10] is studied a
relative cohomology for H•θ (M). In this subsection we construct a similar version for our combined
cohomology H•f,θ(M).
Let µ : M → M
′
be a smooth map between two smooth manifolds. Taking into acount the
standard relation dµ∗ = µ∗d
′
, (here d
′
denotes the exterior derivative on M
′
), we obtain
dµ∗fµ
∗ = µ∗d
′
f , f ∈ C
∞(M
′
) , µ∗f = f ◦ µ ∈ C∞(M). (3.7)
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Indeed, for ϕ ∈ Ωr(M
′
), we have
dµ∗f (µ
∗ϕ) = µ∗fd(µ∗ϕ)− rd(µ∗f) ∧ µ∗ϕ
= µ∗fµ∗(d
′
ϕ)− rµ∗(d
′
f) ∧ µ∗ϕ
= µ∗(fd
′
ϕ)− µ∗(rd
′
f ∧ ϕ)
= µ∗(d
′
fϕ).
The relation (3.7) says that we have the homomorphism
µ∗ : H•f (M
′
)→ H•µ∗f (M) , µ
∗[ϕ] = [µ∗ϕ].
Now, taking into account (3.7) we obtain
dµ∗f,µ∗θµ
∗ = µ∗d
′
f,θ (3.8)
for any smooth function f ∈ C∞(M
′
) and for any closed 1-form θ ∈ Ω1(M
′
). Indeed, for ϕ ∈
Ωr(M
′
), we have
dµ∗f,µ∗θ(µ
∗ϕ) = dµ∗f (µ
∗ϕ)− µ∗fµ∗θ ∧ µ∗ϕ
= µ∗d
′
fϕ− µ
∗(fθ ∧ ϕ)
= µ∗(d
′
f,θϕ).
The relation (3.8) says that we have the homomorphism
µ∗ : H•f,θ(M
′
)→ H•µ∗f,µ∗θ(M) , µ
∗[ϕ] = [µ∗ϕ]. (3.9)
Remark 3.3. If µ is a diffeomorphism then H•f,θ(M
′
) ∼= H•µ∗f,µ∗θ(M).
Now, we define the differential complex
(
Ω•(µ), d˜f,θ
)
, where
Ωr(µ) = Ωr(M
′
)⊕ Ωr−1(M), and d˜f,θ(ϕ, ψ) = (−d
′
f,θϕ, µ
∗ϕ+ dµ∗f,µ∗θψ).
Taking into account d
′2
f,θ = d
2
µ∗f,µ∗θ = 0 and (3.8) we easily verify that d˜
2
f,θ = 0. Denote the
cohomology groups of this complex by H•f,θ(µ). They are called the Lichnerowicz cohomology
groups attached to the function f relative to the smooth map µ.
Example 3.2. To obtain an example of such cohomological invariant, we consider a locally
conformal Ka¨hler manifold (M,ω, θ) and its Ka¨hler covering map pi : (M˜, ω˜) → (M,ω, θ) for
which, the pullback of θ is exact, that is pi∗θ = dσ for some σ ∈ C∞(M˜). According to [20, 21],
we have
pi∗ω = dpi∗θ(d
cσ), (3.10)
for the real operator dc = i(∂−∂), where d = ∂+∂ is the decomposition of the exterior derivative on
the Ka¨hler manifold (M˜, ω˜). Now, if we consider the relative Lichnerowicz cohomology attached to
a function f ∈ C∞(M) associated to the covering map pi : (M˜, ω˜)→ (M,ω, θ), by direct calculus,
we have
d˜f,θ(f
2ω,−pi∗f · dcσ) =
(
−df,θ(f
2ω), pi∗(f2ω)− dpi∗f,pi∗θ(pi
∗f · dcσ)
)
= (0, 0).
Therefore, (f2ω,−pi∗f ·dcσ) defines a cohomology class inH2f,θ(pi), which is called the Lichnerowicz
class attached to f relativ to the covering map of a lcK manifold.
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Now, if we regraduate the complex Ωr(M) as Ω˜r(M) = Ωr−1(M), then we obtain an exact
sequence of differential complexes
0 −→ (Ω˜r(M), dµ∗f,µ∗θ)
α
−→ (Ωr(µ), d˜f,θ)
β
−→ (Ωr(M
′
), d
′
f,θ) −→ 0 (3.11)
with the obvious mappings α and β given by α(ψ) = (0, ψ) and β(ϕ, ψ) = ϕ, respectively. From
(3.11) we have an exact sequence in cohomologies
. . . −→ Hr−1µ∗f,µ∗θ(M)
α∗
−→ Hrf,θ(µ)
β∗
−→ Hrf,θ(M
′
)
δ∗
−→ Hrµ∗f,µ∗θ(M) −→ . . . .
It is easily seen that δ∗ = µ∗. Here µ∗ denotes the corresponding map between cohomology groups.
Let ϕ ∈ Ωr(M
′
) be a d
′
f,θ-closed form, and (ϕ, ψ) ∈ Ω
r(µ). Then d˜f,θ(ϕ, ψ) = (0, µ
∗ϕ+dµ∗f,µ∗θψ)
and by the definition of the operator δ∗ we have
δ∗[ϕ] = [µ∗ϕ+ dµ∗f,µ∗θψ] = [µ
∗ϕ] = µ∗[ϕ].
Hence, we get a long exact sequence
. . . −→ Hr−1µ∗f,µ∗θ(M)
α∗
−→ Hrf,θ(µ)
β∗
−→ Hrf,θ(M
′
)
µ∗
−→ Hrµ∗f,µ∗θ(M) −→ . . . , (3.12)
which implies
Proposition 3.4. If the manifolds M and M
′
are of the n-th and n
′
-th dimension, respectively,
then
(i) β∗ : Hn+1f,θ (µ)→ H
n+1
f,θ (M
′
) is an epimorphism,
(ii) α∗ : Hn
′
µ∗f,µ∗θ(M)→ H
n
′
+1
f,θ (µ) is an epimorphism,
(iii) β∗ : Hrf,θ(µ)→ H
r
f,θ(M
′
) is an isomorphism for r > n+ 1,
(iv) α∗ : Hrµ∗f,µ∗θ(M)→ H
r+1
f,θ (µ) is an isomorphism for r > n
′
,
(v) Hrf,θ(µ) = 0 for r > max{n+ 1, n
′
}.
3.6 A Mayer-Vietoris sequence
Since the differentials df,θ commutes with the restrictions to open subsets, one can construct a
Mayer-Vietoris exact sequence, in the same way as for the de Rham cohomology, see [2, 24] (or
Lichnerowicz cohomology see [9], or cohomology attached to a function see [16]), namely:
SupposeM is the union of two open subsets U, V . Then the following is a short exact sequence
of cochain complexes
0→ (Ω•(M), df,θ)
α
→ (Ω•(U)⊕ Ω•(V ), df |U ,θ|U ⊕ df |V ,θ|V )
β
→
β
→ (Ω•(U ∩ V ), df |U∩V ,θU∩V )→ 0
where α(ϕ) = (ϕ|U , ϕ|V ) and β(ϕ, ψ) = ϕ|U∩V −ψ|U∩V . So we obtain the following Mayer-Vietoris
sequence:
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Theorem 3.3. If U = {U, V } is an open cover of M , we have the long exact sequence
. . .→ Hrf,θ(M)
α∗→ Hrf |U ,θ|U (U)⊕H
r
f |V ,θ|V
(V )
β∗
→ (3.13)
β∗
→ Hrf |U∩V ,θ|U∩V (U ∩ V )
δ
→ Hr+1f,θ (M)→ . . .
where α∗([ϕ]) = ([ϕU ], [ϕV ]) , β∗([ϕ], [ψ]) = [ϕ|U∩V −ψ|U∩V ], δ([σ]) = [dfλ|V ∧σ] = −[dfλ|U ∧σ].
Here {λU , λV } is a partition of unity subordinate to {U, V } and the forms under consideration are
assumed to be extended by 0 to the whole M .
Example 3.3. Consider M = R2 − {(−1, 0), (1, 0)} and let θ and η be a generator of H1dR(M)
supported in (−∞, 0) × R and U := (0,∞) × R, respectively. Then taking into account that
dθη = 0 and the fact that η|U cannot be dθ|U -exact, see [9], we easily obtain that df,θ(fη) = 0 and
f |Uη|U cannot be df |U,θ|U -exact, for a smooth function on M . Using Mayer-Vietoris sequence for
the cohomology H•f,θ from (3.13) one can show that fη generates H
1
f,θ(M)
3.7 Homotopy invariance
Definition 3.1. ([16]). LetM andM
′
two smooth manifolds and f ∈ C∞(M) and f
′
∈ C∞(M
′
).
A morphism from the pair (M, f) to the pair (M
′
, f
′
) is a pair (φ, α) formed by a morphism
(smooth map) φ : M → M
′
and a real valued function α : M → R, such that α does not vanish
on M and φ∗f
′
= f
′
◦ φ = αf .
We will say that the pairs (M, f) and (M
′
, f
′
) are equivalent if there exists a morphism
Φ = (φ, α) between these two pairs where φ is a diffeomorphism. This notion of equivalence
between the pairs is sometimes called ”contact equivalence” in singularity theory. In [16] is
proved that a morphism Φ = (φ, α) from the pair (M, f) to the pair (M
′
, f
′
) induces a chain map
Φ∗ :
(
Ω•(M
′
), df ′
)
→ (Ω•(M), df ) defined by
Φ∗ : Ωr(M
′
)→ Ωr(M) , Φ∗(ϕ) =
φ∗ϕ
αr
,
and this map induces an homomorphism in cohomology, that is Φ∗ : H•
f
′ (M
′
)→ H•f (M). If Φ is
diffeomorphism then Hr
f
′ (M
′
) and Hrf (M) are isomorphic.
Now, taking into account that for any ϕ ∈ Ωr(M
′
) we have Φ∗(df ′ϕ) = df (Φ
∗(ϕ)), see [16],
by direct calculus we obtain
Φ∗(df ′ ,θϕ) = df,φ∗θ(Φ
∗(ϕ)) (3.14)
for any closed 1-form θ on M
′
and ϕ ∈ Ωr(M
′
).
Thus Φ induces an homomorphism in Lichnerowicz type cohomology attached to a function
Φ∗ : H•
f
′
,θ
(M
′
) → H•f,φ∗θ(M). Moreover, if Φ is diffeomorphism then H
r
f
′
,θ
(M
′
) and Hrf,φ∗θ(M)
are isomorphic.
Remark 3.4. For α = 1 then we obtain the homomorphism from (3.9).
Definition 3.2. ([16]). A homotopy from the pair (M, f) to the pair (M
′
, f
′
) is given by two
smooth maps
h :M × [0, 1]→M
′
, a :M × [0, 1]→ R,
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such that for each t ∈ [0, 1], we have a morphism
Ht ≡ (ht, at) : (M, f)→ (M
′
, f
′
)
(i.e., a does not vanish, (f
′
◦ h)(x, t) = a(x, t)f(x)), where ht = h(·, t), at = a(·, t).
Now, if H = (h, a) is a homotopy from (M, f) to (M
′
, f
′
), from above discussion we obtain a
map at cohomology level
H∗t : H
•
f
′
,θ
(M
′
)→ H•f,h∗t θ(M).
For the Lichnerowicz cohomologyH•θ (M) the problem of homotopy invariance is solved by Lemma
1.1 from [9]. For the cohomology attached to a function H•f (M) the problem of homotopy invari-
ance is the following: given a homotopy H , from (M, f) to (M
′
, f
′
), is it true that H∗0 = H
∗
1 at the
cohomology level? This problem is partial solved in [16] namely: If the complements of the zero
level sets of f and f
′
are dense sets, then in degree zero we do haveH∗0 = H
∗
1 : H
0
f (M)→ H
0
f
′ (M
′
).
For higher degree, a partial result in the regular case is also given in [16]. For our Lichnerowicz
type cohomology attached to a function H•f,θ this problem is still open, but in the next section we
prove a homotopy invariance in the regular case.
3.8 Ku¨nneth type formula
The purpose of Ku¨nneth formula is the computation of the cohomology of the Cartesian product
when we known the cohomologies of the factors.
Suppose we have two manifolds M1, M2 and two closed 1-forms θ1 and θ2, on M1 and M2,
respectively. Let θ := pr∗1θ1 + pr
∗
2θ2 ∈ Ω
1(M1 ×M2) which is also closed. Then one defines a
mapping
Ψ : Ωk(M1)× Ω
l(M2)→ Ω
k+l(M1 ×M2) , Ψ(ϕ, ψ) = pr
∗
1ϕ ∧ pr
∗
2ψ.
Then if we consider two smooth functions f1 and f2 on M1 and M2, respectively such that
f := pr∗1f1 = pr
∗
2f2 then by direct computation, we obtain
df,θ(Ψ(ϕ, ψ)) = Ψ(df1,θ1ϕ, ψ) + (−1)
degϕΨ(ϕ, df2,θ2ψ)
and, hence we have an induced mapping
H•f1,θ1(M1)⊗H
•
f2,θ2
(M2)→ H
•
f,θ(M1 ×M2). (3.15)
According to [2], a covering U of a manifold M is said to be good, if for all n ∈ N and
U1, . . . , Un ∈ U the intersection U1 ∩ U2 . . . ∩ Un is either empty or contractible.
We have the following Ku¨nneth type formula for our cohomology.
Theorem 3.4. Suppose that M1 and M2 have good covers and let θ1 a closed 1-form on M1 and
θ2 a closed 1-form on M2, respectively. Also, we consider two smooth functions f1 and f2 on M1
and M2, respectively such that f := pr
∗
1f1 = pr
∗
2f2. Then, the map from (3.15) is an isomorphism.
4 The regular case
In this section we study the regular case i.e., the case where the function f does not have sin-
gularities in a neighborhood of its zero set (i.e. 0 is a regular value). The subset S = f−1({0})
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is then an embedded submanifold of M . We also assume that S is connected. In this case, the
cohomology attached to a function H•f (M) is related with the de Rham cohomologies H
•
dR(M)
and H•−1dR (S), see [16]. Similarly, we can relate in this case the Lichnerowicz type cohomology
attached to a function H•f,θ(M) with the Lichnerowicz cohomologies H
•
θ (M) and H
•−1
i∗θ (S), where
i : S →M is the natural inclusion. Also in this regular case, we obtain a homotopy invariance.
Theorem 4.1. If 0 is a regular value of f then, for each r ≥ 1, there is an isomorphism
Hrf,θ(M)
∼= Hrθ (M)⊕H
r−1
i∗θ (S), (4.1)
for any closed 1-form θ on M without singularities.
Proof. The proof follows in a similar manner with the proof of Theorem 4.1 from [16] and we need
to briefly recall some preliminary results.
Let U ⊂ U
′
be tubular neighborhoods of S. We may assume that U = S×] − ε, ε[ and
U
′
= S×]− ε
′
, ε
′
[, with ε
′
> ε, and that
f |U ′ : S×]− ε
′
, ε
′
[→ R , (x, t) 7→ t.
Let us consider the projection pi : U
′
→ S and ρ : R → R be a smooth function which is 1 on
[−ε, ε] and has support contained in [−ε
′
, ε
′
]. Note that the function ρ ◦ f is 1 on U , and we can
assume that the function ρ ◦ f vanishes on M \ U
′
.
If ψ is a form on S, we will denote by ψ the form ρ(f)pi∗ψ. Notice that from
dψ = ρ(f)pi∗(dψ) + ρ
′
(f)df ∧ pi∗ψ
it easily follows that
df ∧ dψ = df ∧ dψ. (4.2)
Now we notice that for the closed 1-form θ on M we have
θ|U ′ ∧ ψ = (i ◦ pi)
∗θ ∧ ψ = ρ(f)pi∗(i∗θ) ∧ pi∗ψ = ρ(f)pi∗(i∗θ ∧ ψ) = i∗θ ∧ ψ, (4.3)
for any form ψ on S.
In the sequel we denote by ζ the linear application
ζ : Ωr(M)⊕ Ωr−1(S)→ Ωr(M) , ζ(ϕ, ψ) = f rϕ+ f r−1df ∧ ψ. (4.4)
If (ϕ, ψ) ∈ Ωr(M)⊕ Ωr−1(S), with dθϕ = 0 and di∗θψ = 0, then using (4.2) and (4.3), we find
df,θ(ζ(ϕ, ψ)) = f
r+1dθϕ− f
rdf ∧ (dψ − θ|U ′ ∧ ψ)
= f r+1dθϕ− f
rdf ∧ di∗θψ = 0.
Similarly, one checks that if ϕ ∈ Ωr−1(M) and ψ ∈ Ωr−2(S), then
ζ(dθϕ, di∗θψ) = df,θ(f
r−1ϕ− f r−2df ∧ ψ).
We conclude that ζ induces a map at the level of cohomology
ζ∗ : H•θ (M)⊕H
•−1
i∗θ (S)→ H
•
f,θ(M) , ζ
∗([ϕ], [ψ]) = [ζ(ϕ, ψ)]. (4.5)
Finally, according to [16], ζ is bijective for all r ≥ 1 and so the theorem follows.
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Example 4.1. Let S1 = {(x1, x2) ∈ R
2 |x21+x
2
2 = 1} be the 1-sphere and f : S
1 → R the function
f(x1, x2) = x1, so that S = f
−1({0}) is the equator. Then taking into account that H0θ (S
1) = 0,
for any closed, non-exact 1-form θ on S1, see Example 1.6 from [9], we obtain H0f,θ(S
1) = 0.
In the regular case we have the following homotopy invariance:
Proposition 4.1. Let U and W be tubular neighborhoods of Sf = f
−1(0) and Sg = g
−1(0),
respectively. We assume that f and g do not have singularities on U and W . If Ht is a homotopy
from (U, f) to (W, g), then the induced linear applications between the cohomology spaces are the
same: H∗1 = H
∗
0 .
Proof. We can assume that U = Sf×]− ε, ε[ and W = Sg×]− ε, ε[, with
f(x, ρ) = ρ , g(y, τ) = τ.
We denote by Ψf and Ψg the linear maps:
Ψf : H
r
h∗t (θ|W )
(U)⊕Hr−1
h∗t (θ|W )
(U)→ Hrf,h∗t (θ|W )(U) , Ψf([ϕ], [ψ]) = [ρ
rϕ+ ρr−1dρ ∧ ψ],
Ψg : H
r
θ|W
(W )⊕Hr−1
θ|W
(W )→ Hrg,θ|W (W ) , Ψg([ϕ], [ψ]) = [τ
rϕ+ τr−1dτ ∧ ψ],
which by the previous theorem, are isomorphisms.
Now, we set K∗t = Ψ
−1
f ◦ H
∗
t ◦ Ψg, for every t ∈ [0, 1]. If ([ϕ], [ψ]) ∈ H
r
θ|W
(W ) ⊕ Hr−1
θ|W
(W ),
then by a similar calculus as in the proof of Proposition 4.12 from [16] we have
H∗t (Ψg([ϕ], [ψ])) =
[
ρrh∗tϕ+ ρ
rd(log |at|) ∧ h
∗
tψ + ρ
r−1dρ ∧ h∗tψ
]
.
Now taking into account dh∗t (θ|W )h
∗
tψ = h
∗
t (dθ|Wψ) = 0, we conclude that
K∗t ([ϕ], [ψ]) =
(
[h∗tϕ+ dh∗t (θ|W )(log |at|h
∗
tψ)], [h
∗
tψ]
)
= ([h∗tϕ], [h
∗
tψ]) .
Since the Lichnerowicz cohomology is homotopy invariant, see Lemma 1.1 from [9], we have
K∗1 = K
∗
0 and it follows that H
∗
1 = H
∗
0 .
Finally, following step by step the proof of Proposition 4.13 from [16], we obtain
Proposition 4.2. Let Ht be a homotopy from (M, f) to (N, g). We suppose that f and g do not
have singularities on tubular neighborhoods of Sf and Sg, respectively. If H
r−1
(h∗
0
θ)|S
(S) is trivial,
then H∗0 = H
∗
1 : H
r
g,θ(N)→ H
r
f,h∗
0
θ(M), for every closed 1-form θ on N .
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